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Fault-tolerant quantum error correction
for Steane’s seven-qubit color code with few or no extra qubits
Ben W. Reichardt
University of Southern California
Steane’s seven-qubit quantum code is a natural choice for fault-tolerance experiments because it is
small and just two extra qubits are enough to correct errors. However, the two-qubit error-correction
technique, known as “flagged” syndrome extraction, works slowly, measuring only one syndrome
at a time. This is a disadvantage in experiments with high qubit rest error rates. We extend the
technique to extract multiple syndromes at once, without needing more qubits. Qubits for different
syndromes can flag errors in each other. This gives equally fast and more qubit-efficient alternatives
to Steane’s error-correction method, and also conforms to planar geometry constraints.
We further show that Steane’s code and some others can be error-corrected with no extra qubits,
provided there are at least two code blocks. The rough idea is that two seven-qubit codewords can be
temporarily joined into a twelve-qubit code, freeing two qubits for flagged syndrome measurement.
I. INTRODUCTION
Steane’s [[7, 1, 3]] quantum code [1] is a color code [2]
on seven qubits; see Fig. 1. The code protects one logical
qubit to distance three, so it can correct any one-qubit
error. However, extra qubits are needed for fault-tolerant
error correction. Steane’s method [3, 4] uses at least a
full code block of seven extra qubits. Shor-style error
correction [5] requires either five or four [6] extra qubits.
The error-correction overhead was reduced to two extra
qubits by Yoder and Kim [7], by a method of “flagged”
syndrome extraction [8–10]; see Fig. 2.
The two-qubit flagged syndrome-extraction technique
works for many codes, and is promising for testing fault-
tolerant error correction on small quantum computing
devices. But can we do better? There are two natural
avenues for improvement.
1. Gate locality and memory faults. In an ion trap
quantum computing experiment, gates can be applied
between arbitrary qubits within the same trap; and with
multiple traps, qubits can be moved between them. One
can envision using the same two extra qubits to measure
each code stabilizer. However, in a superconducting qubit
experiment, for example, qubits are placed at fixed loca-
tions in a 2D plane and only some two-qubit interactions
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FIG. 1. Stabilizers for the Steane color code. For each
plaquette on the left there are X and Z stabilizers supported
on the incident vertices. Logical X and Z are transversal.
are possible. It is challenging to place nine qubits with
all the necessary two-qubit couplings for [[7, 1, 3]] code
fault-tolerant error correction. Yoder and Kim [7] sug-
gest placing two extra qubits in each plaquette, with the
interactions shown in Fig. 3. This uses 13 qubits total.
We study syndrome extraction with one extra qubit
per plaquette—10 qubits total—as in Fig. 4. In addition
to using fewer qubits, we address another problem of su-
perconducting qubit systems relative to ion traps: higher
idle qubit error rates. If qubits accumulate errors rapidly
even at rest, then it is important to extract multiple syn-
dromes in parallel instead of measuring them one at a
time, especially when qubit initialization or measurement
is slow. (For example, the measurement time in [11] is
over four times the CZ gate time.) We show how three
of the six syndromes can be measured together, with the
layout of Fig. 4, so all syndromes can be measured in two
measurement rounds.
Our technique extends the flagged syndrome-extraction
method. In Fig. 2, one extra qubit stores the syndrome
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FIG. 2. Flagged syndrome extraction. Briefly, the first circuit
measures into one extra qubit the syndrome of the IIIZZZZ
stabilizer, to detect X or Y errors on the last four qubits.
However, a Z fault halfway through spreads to a Z6Z7 error
on the data, and this error, equivalent to Z1Z, is uncorrectable.
The right circuit adds a second, “flag” qubit, which detects
bad Z faults. If the X measurement is nontrivial, then all X
syndromes are measured and the best correction is applied,
e.g., if the syndromes indicate a Z1 error then the correction
is actually Z6Z7. For details, see [8].
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2and the other extra qubit is used to flag possible correlated
errors. Instead, two syndromes can be extracted at once,
each into an extra qubit; and by coupling the extra qubits
appropriately, one serves to flag correlated errors from
the other. Neither extra qubit is a dedicated flag qubit;
instead the syndrome qubits reciprocally flag each other.
This idea extends to extracting three syndromes at
once, using the circuit of Fig. 5. It also extends to other
codes, such as the [[4, 2, 2]] and [[12, 2, 3]] color codes. For
the [[5, 1, 3]] code and the [[15, 7, 3]] Hamming code, one
can extract two syndromes in parallel with three extra
qubits—the third, flag qubit being shared between the
two syndrome measurements (see Sec. II C).
2. Error correction without extra qubits. Are two
extra qubits necessary for fault-tolerant error correction?
Not always. One extra qubit is enough for some codes,
such as the Bacon-Shor [[9, 1, 3]] code [12, 13]. We study
color codes requiring only one extra qubit in Secs. III
and IV. With Steane’s code, though, one cannot safely
measure a syndrome into just a single extra qubit because
the measurement can create undetected weight-two X or
Z errors; and as the code is a perfect CSS code, weight-two
X or Z errors are all uncorrectable.
Surprisingly, we show that zero extra qubits are needed
for fault-tolerant error correction of Steane’s code. The
catch is that there must be at least two code blocks, 14
qubits total. Intuitively, two seven-qubit code blocks can
be merged into a [[12, 2, 3]] color code, as shown in Fig. 6,
and this frees two qubits for flagged error correction. Our
actual construction, in Sec. V, is a bit simpler, using one
code block to flag errors in the other without converting
to the [[12, 2, 3]] color code. The method also works for era-
sure codes and for the [[15, 7, 3]] Hamming code (Sec. VI),
but it does use more CNOT gates than two-qubit flagged
error correction.
II. PARALLEL SYNDROME EXTRACTION
Measuring the code syndromes one at a time might
require only a few extra qubits, but is also slow. This is
bad if the rest error rate is high, especially when qubit
initializations or measurements are slow. For a CSS code,
Steane-style error correction [3, 4] works faster, extracting
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FIG. 3. Layouts for [[7, 1, 3]] flag error correction with two
extra qubits per plaquette, 13 total. The advantage of the
right layout, from [7], is that qubits have degree only three.
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FIG. 4. A grid layout for the Steane code with one extra
qubit per plaquette, ten qubits total.
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FIG. 5. This circuit simultaneously extracts the syndromes
for X1,3,5,7 (green gates), Z4,5,6,7 (blue) and Z2,3,6,7 (red).
The gates are local with the geometry of Fig. 4. The X
syndrome measurement catches correlated Z errors that can
be created from the Z syndrome measurements, while the first
Z syndrome measurement catches the correlated error X3,7
that can be created from the X syndrome measurement. See
Sec. II A 3 for details.
half the syndromes at once—but it requires at least a full
code block of extra qubits. Knill’s scheme [14] extracts all
the syndromes at once, and works even for non-CSS codes,
but requires at least two code blocks of extra qubits.
In this section, we study intermediate syndrome-
extraction methods, that extract two or three syndromes
together and yet are also qubit-efficient. For some codes,
such as the Steane code, multiple syndromes can be mea-
sured at once with only one extra qubit per syndrome,
with one syndrome serving also as a flag to catch corre-
lated errors created while measuring another syndrome
(Sec. II A and II B). For other codes, such as the [[5, 1, 3]]
or [[15, 7, 3]] Hamming codes, one flag qubit can be shared
with multiple syndrome measurements (Sec. II C). For the
[[15, 7, 3]] code, extracting two syndromes at once not only
works faster than measuring them sequentially, but can
also use fewer gates, e.g., 17 instead of 20 CNOT gates.
+  !
FIG. 6. Two [[7, 1, 3]] Steane color codes can be merged into a
[[12, 2, 3]] code. This frees two qubits for error correction.
3A. Steane code parallel syndrome extraction
Syndrome extraction for the [[7, 1, 3]] Steane code can be
parallelized, with one syndrome acting as flag for another.
1. Two syndromes in parallel, X4,5,6,7 and Z2,3,6,7
Consider the following circuit:
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(1)
The blue CNOT gates extract theX4,5,6,7 syndrome, while
the red gates extract the Z2,3,6,7 syndrome. The black
gates formally commute with the other gates and cancel.
Error correction works by extracting two syndromes
at a time using three circuits like the one above. If a
nontrivial syndrome is measured, then all six syndromes
are measured and an appropriate correction applied.
For a distance-three, perfect CSS code, the Aliferis-
Gottesman-Preskill (AGP) extended rectangle conditions
for fault-tolerant error correction [15] simplify to:
1. If the input error’s X and Z components both have
weight ≤ 1 and no faults occur during error correction,
then the state is mapped to the closest codeword.
2. If the input is perfect and at most one location fault
occurs during error correction, then the output error
has X and Z components both of weight ≤ 1.
For analyzing fault tolerance, one can consider X and
Z errors separately. It is enough to show that if the input
to error correction is perfect and there is at most one
X fault, then the output X error has weight ≤ 1, and
similarly for Z errors.
The main concern here is that a single X failure at
the location marked {4, 5} will spread via the subsequent
CNOT gates into a weight-two data error, X4,5 ∼ X1X.
And a Z failure at location {6, 7} spreads to Z6,7 ∼ Z1Z.
We do not want a single failure to cause a logical error.
The black gates are there to catch such bad faults.
Assuming at most one failure, there are two cases.
First, if the syndromes are both trivial, then the data
gets at most a weight-one error. (The only bad failure
locations, marked {4, 5} and {6, 7}, are both caught.)
Second, if a syndrome is nontrivial, then all possible data
errors are distinguishable. Indeed, in Eq. (1) we have
marked in red all inequivalent X failure locations that
can cause a nontrivial Z syndrome measurement, and
in blue all Z failure locations that can cause a nontriv-
ial X syndrome measurement. The possible X errors
are then 1, X2, X3, X5, X6, X7, X4,5, and the possible Z
errors are 1, Z2, Z4, Z5, Z6, Z7, Z6,7. As the errors are
distinguishable, they can be corrected after measuring
the six syndromes. (In particular, notice that if the Z
measurement in Eq. (1) is nontrivial, then the correction
for the +,+,− Z syndrome is X4,5, and not X1.)
2. Two dual syndromes in parallel, X4,5,6,7 and Z4,5,6,7
This circuit similarly extracts two syndromes in parallel,
using one syndrome to flag the other:
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In this case, the measured syndromes are for the dual
stabilizers X4,5,6,7 and Z4,5,6,7. The circuit uses two extra
qubits for the plaquette. The CNOT gates are geometri-
cally local according to the interaction geometry on the
right-hand side of Fig. 3, provided that the extra qubits
are switched at the two shaded marks. (A single failure at
a swap location can create errors on both involved qubits.)
Note that in this circuit, unlike in Eq. (1), there is no
CNOT gate between the two extra qubits; nonetheless,
errors on one can spread to the other via the carefully
ordered CNOT gates.
As in Eq. (1), we have marked in red X fault locations
that trigger the Z measurement, and in blue Z fault
locations that trigger the X measurement. (For example,
an XX fault at the second swap location spreads to X5
while also triggering the Z syndrome.) As X5,7 ∼ X2X,
the possible X errors that can occur with a nontrivial Z
syndrome are all distinguishable, and similarly for the Z
errors.
3. Three syndromes in parallel
In fact, with the circuit of Fig. 7 three of the six
syndromes can be extracted in parallel, flagging each
other, using gates that are local according to the ge-
ometry of Fig. 4. Again, we have marked in blue Z
fault locations that can trigger the X measurement.
Note that Z4,6 ∼ Z2Z and Z3,7 ∼ Z4Z, so the possi-
ble Z errors that can occur with a nontrivial X syn-
drome (namely, 1, Z1, Z4,6, Z3, Z3,7, Z5, Z6, Z7) are all dis-
tinguishable. We have marked in red X fault locations
that can trigger one or both Z measurements. Note that
both X4 and X3,7 ∼ X4X are possible, and these errors
are not distinguishable. However, X4 can only occur with
4±X|+i
±Z|0i
1
2
3
4
5
6
7
|0i ±Z
7
3
5
1
4
6
5
6
?
?
?
7 6
{3, 7}6
7
2
3
55
{4, 6}
<latexit sha1_bas e64="gBj+nB1iEhn3w/jbADkykhqquY8= ">AAAHkHicbVVrb9s2FFW7re6yV7r2274 oEzJ0qWNIjru1QLGlyLAXFjTDkrRAGAQU fW0ToSiFpBZ7BP/Lvm7/aP9ml/IjlmTBM qhzj8659/JKSgvBtYnj/+7df+/9Dx50Hn 649dHHn3z62fajz891XioGZywXuXqXUg2 CSzgz3Ah4VyigWSrgbXp95ONv/wSleS5P zayAy4yOJR9xRg1CV9tPSKVhU1GC2yJ20P 2GuKvtKO7F1RG2F8liER0+Carj5OrRAyD DnJUZSMME1foiiQtzaakynAkvXGooKLum Y7CVoQt3ERqGo1zhKU1YoTUezbSeZSkyM 2omuhnz4KbYRWlGLy4tl0VpQLK50agUoc lD34FwyBUwI2YhZQzzLanBPNiEKsoMdmq rZjRWtJhwNsUSuGSiHIK9YVyxkhuEJNyy PMuoHFpiqBqXhbN7lkxn9lUMWRfP7/asC wlV4aEN90MXPnvVGywi6/D+ZvhZJeNDDX YFHyDsunso+QJXZKQymzsCcjidoefNrdv aJQqaObpVqljpEEbkGkwYJZbgmPgFUVSO qz3zwVTRKigq0Ic9za3unMejvvUXNkoc2 fH32KjvFiRdppXCzhXevLMAaarnsivTNV mZq2wePV9Gz+fRHwCnS8Ex7vmbAhQ1OLn EKGdPldu1JF9gkmbgIV/hevkpl3nGqXAX /UuLjdKlAj8/6AQj85SkMObS4mQJgbDiUx clISFh1A99W2sRovh4Yr5ueJBCWfQZhfb ELRtQCMqgalJ0YEmmcbTA94dk9BrSfHpR PSrYdq79pY0OnG+kW1L3q17WprLQZh9TQ bSywGd//hQf0RlICc6qceps3Hvejbuxq3 OO+VD61JckT+k9b5BORJnVVVqUU8BGrjQ 8qUU5Ejlua53UzIaqPJcNq35T6A0DKtd0 +pvcTnFEQfFV+clGwz+MorcpKDW7o20Q+ xHUXVZzu5bU65uS1opLmsXlWjda1CrtOM dXz3r9lVuD9BtkqyYl3aSdCU6KouNS14T aOj/h26w+Hc2Uf1Ero95Bt/o1O4N/y4R7 A0ymN2julmITPryjeFZrFwBEjdFS2ZQJf piS5meovTjr91724t8H0eFX8w9U8DD4Iv gyeBokwbfBYfBzcBKcBSz4K/g7+Cf4t/O 487Lzfef1nHr/3uKex0Ht6Pz6P800j7w= </latexit><latexit sha1_bas e64="gBj+nB1iEhn3w/jbADkykhqquY8= ">AAAHkHicbVVrb9s2FFW7re6yV7r2274 oEzJ0qWNIjru1QLGlyLAXFjTDkrRAGAQU fW0ToSiFpBZ7BP/Lvm7/aP9ml/IjlmTBM qhzj8659/JKSgvBtYnj/+7df+/9Dx50Hn 649dHHn3z62fajz891XioGZywXuXqXUg2 CSzgz3Ah4VyigWSrgbXp95ONv/wSleS5P zayAy4yOJR9xRg1CV9tPSKVhU1GC2yJ20P 2GuKvtKO7F1RG2F8liER0+Carj5OrRAyD DnJUZSMME1foiiQtzaakynAkvXGooKLum Y7CVoQt3ERqGo1zhKU1YoTUezbSeZSkyM 2omuhnz4KbYRWlGLy4tl0VpQLK50agUoc lD34FwyBUwI2YhZQzzLanBPNiEKsoMdmq rZjRWtJhwNsUSuGSiHIK9YVyxkhuEJNyy PMuoHFpiqBqXhbN7lkxn9lUMWRfP7/asC wlV4aEN90MXPnvVGywi6/D+ZvhZJeNDDX YFHyDsunso+QJXZKQymzsCcjidoefNrdv aJQqaObpVqljpEEbkGkwYJZbgmPgFUVSO qz3zwVTRKigq0Ic9za3unMejvvUXNkoc2 fH32KjvFiRdppXCzhXevLMAaarnsivTNV mZq2wePV9Gz+fRHwCnS8Ex7vmbAhQ1OLn EKGdPldu1JF9gkmbgIV/hevkpl3nGqXAX /UuLjdKlAj8/6AQj85SkMObS4mQJgbDiUx clISFh1A99W2sRovh4Yr5ueJBCWfQZhfb ELRtQCMqgalJ0YEmmcbTA94dk9BrSfHpR PSrYdq79pY0OnG+kW1L3q17WprLQZh9TQ bSywGd//hQf0RlICc6qceps3Hvejbuxq3 OO+VD61JckT+k9b5BORJnVVVqUU8BGrjQ 8qUU5Ejlua53UzIaqPJcNq35T6A0DKtd0 +pvcTnFEQfFV+clGwz+MorcpKDW7o20Q+ xHUXVZzu5bU65uS1opLmsXlWjda1CrtOM dXz3r9lVuD9BtkqyYl3aSdCU6KouNS14T aOj/h26w+Hc2Uf1Ero95Bt/o1O4N/y4R7 A0ymN2julmITPryjeFZrFwBEjdFS2ZQJf piS5meovTjr91724t8H0eFX8w9U8DD4Iv gyeBokwbfBYfBzcBKcBSz4K/g7+Cf4t/O 487Lzfef1nHr/3uKex0Ht6Pz6P800j7w= </latexit><latexit sha1_bas e64="gBj+nB1iEhn3w/jbADkykhqquY8= ">AAAHkHicbVVrb9s2FFW7re6yV7r2274 oEzJ0qWNIjru1QLGlyLAXFjTDkrRAGAQU fW0ToSiFpBZ7BP/Lvm7/aP9ml/IjlmTBM qhzj8659/JKSgvBtYnj/+7df+/9Dx50Hn 649dHHn3z62fajz891XioGZywXuXqXUg2 CSzgz3Ah4VyigWSrgbXp95ONv/wSleS5P zayAy4yOJR9xRg1CV9tPSKVhU1GC2yJ20P 2GuKvtKO7F1RG2F8liER0+Carj5OrRAyD DnJUZSMME1foiiQtzaakynAkvXGooKLum Y7CVoQt3ERqGo1zhKU1YoTUezbSeZSkyM 2omuhnz4KbYRWlGLy4tl0VpQLK50agUoc lD34FwyBUwI2YhZQzzLanBPNiEKsoMdmq rZjRWtJhwNsUSuGSiHIK9YVyxkhuEJNyy PMuoHFpiqBqXhbN7lkxn9lUMWRfP7/asC wlV4aEN90MXPnvVGywi6/D+ZvhZJeNDDX YFHyDsunso+QJXZKQymzsCcjidoefNrdv aJQqaObpVqljpEEbkGkwYJZbgmPgFUVSO qz3zwVTRKigq0Ic9za3unMejvvUXNkoc2 fH32KjvFiRdppXCzhXevLMAaarnsivTNV mZq2wePV9Gz+fRHwCnS8Ex7vmbAhQ1OLn EKGdPldu1JF9gkmbgIV/hevkpl3nGqXAX /UuLjdKlAj8/6AQj85SkMObS4mQJgbDiUx clISFh1A99W2sRovh4Yr5ueJBCWfQZhfb ELRtQCMqgalJ0YEmmcbTA94dk9BrSfHpR PSrYdq79pY0OnG+kW1L3q17WprLQZh9TQ bSywGd//hQf0RlICc6qceps3Hvejbuxq3 OO+VD61JckT+k9b5BORJnVVVqUU8BGrjQ 8qUU5Ejlua53UzIaqPJcNq35T6A0DKtd0 +pvcTnFEQfFV+clGwz+MorcpKDW7o20Q+ xHUXVZzu5bU65uS1opLmsXlWjda1CrtOM dXz3r9lVuD9BtkqyYl3aSdCU6KouNS14T aOj/h26w+Hc2Uf1Ero95Bt/o1O4N/y4R7 A0ymN2julmITPryjeFZrFwBEjdFS2ZQJf piS5meovTjr91724t8H0eFX8w9U8DD4Iv gyeBokwbfBYfBzcBKcBSz4K/g7+Cf4t/O 487Lzfef1nHr/3uKex0Ht6Pz6P800j7w= </latexit>
7
7{3, 7}
<latexit sha1_bas e64="uoH1RNqM8+e5/N8L7P3poWt7J7c= ">AAAHj3icbVXbbttGEGUujVL3Eufy1he 6hIvUkQVSchAXCAIVLtoGqBEXtZ0AXsNY LkfSwuSS3l3WEhb7LXltP6l/01nqYpEUI QrLM4fnzMwOybhIudJh+N+9+w8efvGo8/ jLra++/ubbJ9tPn52rvJQMzlie5vJTTBW kXMCZ5jqFT4UEmsUpfIyvj1z8498gFc/F qZ4VcJnRseAjzqhG6Gr7Oak0jITEbhEz6L 4h9mo7CHthdfjtRbRYBMMXXnWcXD19BCT JWZmB0CylSl1EYaEvDZWasxRQuFRQUHZN x2AqP+vvIpT4o1ziKbRfoTUezZSaZTEyM 6onqhlz4KbYRalHh5eGi6LUINjcaFSmvs 591wA/4RKYTmc+ZQzzLanGPNiESso0Nmq rZjSWtJhwNsUSuGBpmYC5YVyykmuEBNyy PMuoSAzRVI7Lwpo9Q6Yz8zaErIvnuz1jf UKlPzT+vm/9V297B4vIOry/GX5VybhQg1 3BA4Rtdw8lD3FFRjIzuSUgkukMPW9u7dY ukdDM0a5SxUoTGJFr0H4QGYJT4hZEUjGu 9swFY0mrYFqBLuxodnXnPB70jbswQWTJj rvHBH27IKkyrhR2rvDmnQVIYzWXXZmuyY pcZvPo+TJ6Po/+AjhdEo5xzz8UIKnGwSV aWnMq7a4h+QITNAMHuQrXy4+5yDNOU3vR vzTYKFVKcPODTjDSL0kMYy4MTlaaIiz51A aRT4gf9H3X1lqESD6e6B8bHqSQBn1Gvjm xywYUKWVQNSkYGJIpHC1w/SEZvYY4n15U jwq2nSt3aYKBdY20S+p+1cvaVBZK72Mqi FYW+OjPH+IjOgMhwBo5jq0Je6+7YTe0dc 4xT4RLfUlylN7rBukkLbO6SotyCtjIlYY jtShHaY7bWic1s6Eyz0XDqt8U+sCAijWd /ia3UxxRkHxVfrTR8C8t6W0MUs7uaBvEf gV5l9XcriX1801Ja8VFzeJypRotapV2nO OrZ73+yq1B+gOyVZOibtTOBCdF0nGpakJ tnd/wbVafjmbK7+XKqDfoVr9mZ/BvmXDv AJPpHTR3S7IJT+4ojtXaBYC0xmipbMoEP 0xR8zPUXpz1ez/1wj8PguEP8w+U99j7zv vee+lF3htv6P3unXhnHvNm3mfvH+/fzrP OYeddZzin3r+3uOe5Vzs67/8HlYuPRQ== </latexit><latexit sha1_bas e64="uoH1RNqM8+e5/N8L7P3poWt7J7c= ">AAAHj3icbVXbbttGEGUujVL3Eufy1he 6hIvUkQVSchAXCAIVLtoGqBEXtZ0AXsNY LkfSwuSS3l3WEhb7LXltP6l/01nqYpEUI QrLM4fnzMwOybhIudJh+N+9+w8efvGo8/ jLra++/ubbJ9tPn52rvJQMzlie5vJTTBW kXMCZ5jqFT4UEmsUpfIyvj1z8498gFc/F qZ4VcJnRseAjzqhG6Gr7Oak0jITEbhEz6L 4h9mo7CHthdfjtRbRYBMMXXnWcXD19BCT JWZmB0CylSl1EYaEvDZWasxRQuFRQUHZN x2AqP+vvIpT4o1ziKbRfoTUezZSaZTEyM 6onqhlz4KbYRalHh5eGi6LUINjcaFSmvs 591wA/4RKYTmc+ZQzzLanGPNiESso0Nmq rZjSWtJhwNsUSuGBpmYC5YVyykmuEBNyy PMuoSAzRVI7Lwpo9Q6Yz8zaErIvnuz1jf UKlPzT+vm/9V297B4vIOry/GX5VybhQg1 3BA4Rtdw8lD3FFRjIzuSUgkukMPW9u7dY ukdDM0a5SxUoTGJFr0H4QGYJT4hZEUjGu 9swFY0mrYFqBLuxodnXnPB70jbswQWTJj rvHBH27IKkyrhR2rvDmnQVIYzWXXZmuyY pcZvPo+TJ6Po/+AjhdEo5xzz8UIKnGwSV aWnMq7a4h+QITNAMHuQrXy4+5yDNOU3vR vzTYKFVKcPODTjDSL0kMYy4MTlaaIiz51A aRT4gf9H3X1lqESD6e6B8bHqSQBn1Gvjm xywYUKWVQNSkYGJIpHC1w/SEZvYY4n15U jwq2nSt3aYKBdY20S+p+1cvaVBZK72Mqi FYW+OjPH+IjOgMhwBo5jq0Je6+7YTe0dc 4xT4RLfUlylN7rBukkLbO6SotyCtjIlYY jtShHaY7bWic1s6Eyz0XDqt8U+sCAijWd /ia3UxxRkHxVfrTR8C8t6W0MUs7uaBvEf gV5l9XcriX1801Ja8VFzeJypRotapV2nO OrZ73+yq1B+gOyVZOibtTOBCdF0nGpakJ tnd/wbVafjmbK7+XKqDfoVr9mZ/BvmXDv AJPpHTR3S7IJT+4ojtXaBYC0xmipbMoEP 0xR8zPUXpz1ez/1wj8PguEP8w+U99j7zv vee+lF3htv6P3unXhnHvNm3mfvH+/fzrP OYeddZzin3r+3uOe5Vzs67/8HlYuPRQ== </latexit><latexit sha1_bas e64="uoH1RNqM8+e5/N8L7P3poWt7J7c= ">AAAHj3icbVXbbttGEGUujVL3Eufy1he 6hIvUkQVSchAXCAIVLtoGqBEXtZ0AXsNY LkfSwuSS3l3WEhb7LXltP6l/01nqYpEUI QrLM4fnzMwOybhIudJh+N+9+w8efvGo8/ jLra++/ubbJ9tPn52rvJQMzlie5vJTTBW kXMCZ5jqFT4UEmsUpfIyvj1z8498gFc/F qZ4VcJnRseAjzqhG6Gr7Oak0jITEbhEz6L 4h9mo7CHthdfjtRbRYBMMXXnWcXD19BCT JWZmB0CylSl1EYaEvDZWasxRQuFRQUHZN x2AqP+vvIpT4o1ziKbRfoTUezZSaZTEyM 6onqhlz4KbYRalHh5eGi6LUINjcaFSmvs 591wA/4RKYTmc+ZQzzLanGPNiESso0Nmq rZjSWtJhwNsUSuGBpmYC5YVyykmuEBNyy PMuoSAzRVI7Lwpo9Q6Yz8zaErIvnuz1jf UKlPzT+vm/9V297B4vIOry/GX5VybhQg1 3BA4Rtdw8lD3FFRjIzuSUgkukMPW9u7dY ukdDM0a5SxUoTGJFr0H4QGYJT4hZEUjGu 9swFY0mrYFqBLuxodnXnPB70jbswQWTJj rvHBH27IKkyrhR2rvDmnQVIYzWXXZmuyY pcZvPo+TJ6Po/+AjhdEo5xzz8UIKnGwSV aWnMq7a4h+QITNAMHuQrXy4+5yDNOU3vR vzTYKFVKcPODTjDSL0kMYy4MTlaaIiz51A aRT4gf9H3X1lqESD6e6B8bHqSQBn1Gvjm xywYUKWVQNSkYGJIpHC1w/SEZvYY4n15U jwq2nSt3aYKBdY20S+p+1cvaVBZK72Mqi FYW+OjPH+IjOgMhwBo5jq0Je6+7YTe0dc 4xT4RLfUlylN7rBukkLbO6SotyCtjIlYY jtShHaY7bWic1s6Eyz0XDqt8U+sCAijWd /ia3UxxRkHxVfrTR8C8t6W0MUs7uaBvEf gV5l9XcriX1801Ja8VFzeJypRotapV2nO OrZ73+yq1B+gOyVZOibtTOBCdF0nGpakJ tnd/wbVafjmbK7+XKqDfoVr9mZ/BvmXDv AJPpHTR3S7IJT+4ojtXaBYC0xmipbMoEP 0xR8zPUXpz1ez/1wj8PguEP8w+U99j7zv vee+lF3htv6P3unXhnHvNm3mfvH+/fzrP OYeddZzin3r+3uOe5Vzs67/8HlYuPRQ== </latexit>
FIG. 7. The same circuit as Fig. 5, for measuring three Steane
code syndromes in parallel, but with some Z and X failure
locations marked in blue and red, respectively.
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<latexit sha1_ base64="DhV7kojqMFGB6RfXFe3Z Qf+ecic=">AAAHnXicbVVdb9s2FF W7re6yr3Tb216YqQG61DEkJ8U6o BgyZOg2oFmzLR8FwiCg6CubiEQqF LXYIPi8X7PX7bfs3+xS/kgkWbAN+ tyje+49vKKSIhOliaL/Hjx87/0P HvUef7jx0ceffPrZ5pPPz0pVaQ6n XGVKv0tYCZmQcGqEyeBdoYHlSQbn yfWhj5//CboUSp6YWQGXORtLkQr ODEJXm1vUwNTY36E0BLRWmjylJtW M29jZOHJP3dVmGA2i+iLdRbxYhA dfBvV1fPXkEdCR4lUO0vCMleVFHB Xm0jJtBM/AbdCqhILxazYGW3fgyD ZCI5KifKqkITXa4LG8LGd5gsycm UnZjnlwXeyiMunLSytkURmQfC6UV hkxing7yEho4CabEcY51lsxg3XwC UMHDNq20RAaa1ZMBJ9iC0LyrBqB veFC80oYhCTccpXnTI4sNUyPq8LZ HUunM/sqgryP3+93rCOUaXJgyS5x 5Pmrwf4ich/eXQ8/r9P4UItdw3s Iu/4OpnyJK5rq3CpHQY6mM9S8uXU b21RDu0a3KhU7HUFKr8GQMLYUZ8Y vqGZyXO+ZDyaa1cGsBn3Y09zqzn k8HFr/x4axo1v+HhsO3YJUVkmdYe sKb95agCwp52lXovfSSqXzefRsGT 2bR38EnC4NR7jnbwvQzCiN3WhnT 7TbtlQtMMly8JDv8H77iZAqFyxzF 8NLi0aVlQY/P6gEqXlGExgLaXGys gxhLaYujAmlJBwSb2sjQrUYT8w3 LQ1aaIs6KbHHbmlAkTEOtUnhnqV5 iaMF3h+as2tI1PSiflTQdlH6vzbc c95It6Tu1l42prIozS6WgmgtgQd B/fjYQzYDKcFZPU6cjQYv+lE/ck3 OkRhJX/qS5CmDFy3ScVblzSwdyg mgkascntShHGYKt7VJalfDtFKyJT VsJ3rLgcl7eYbr1E5wREGLVfvxWs E/jGa3CZ57szvammSvQd9VNZfrp PrhpmKN5uJ2c6osWxZ1WjtSePTc7 79Wa5HeQL4yKe7H3UpwUjQbV2UjU TfPT3iaNaejXfIveiU02OvXn7Yz +LMseLCPxQz227ul+USM7iie1dkF gKzB6GRZVwm+mOL2a6i7OB0OvhtE v+2HB9H8BRU8Dr4Kvg6eBXHwbXA Q/BwcB6cBD/4K/g7+Cf7tkd7r3pv er3PqwweLe74IGlfv/H9lc5U0</l atexit><latexit sha1_ base64="DhV7kojqMFGB6RfXFe3Z Qf+ecic=">AAAHnXicbVVdb9s2FF W7re6yr3Tb216YqQG61DEkJ8U6o BgyZOg2oFmzLR8FwiCg6CubiEQqF LXYIPi8X7PX7bfs3+xS/kgkWbAN+ tyje+49vKKSIhOliaL/Hjx87/0P HvUef7jx0ceffPrZ5pPPz0pVaQ6n XGVKv0tYCZmQcGqEyeBdoYHlSQbn yfWhj5//CboUSp6YWQGXORtLkQr ODEJXm1vUwNTY36E0BLRWmjylJtW M29jZOHJP3dVmGA2i+iLdRbxYhA dfBvV1fPXkEdCR4lUO0vCMleVFHB Xm0jJtBM/AbdCqhILxazYGW3fgyD ZCI5KifKqkITXa4LG8LGd5gsycm UnZjnlwXeyiMunLSytkURmQfC6UV hkxing7yEho4CabEcY51lsxg3XwC UMHDNq20RAaa1ZMBJ9iC0LyrBqB veFC80oYhCTccpXnTI4sNUyPq8LZ HUunM/sqgryP3+93rCOUaXJgyS5x 5Pmrwf4ich/eXQ8/r9P4UItdw3s Iu/4OpnyJK5rq3CpHQY6mM9S8uXU b21RDu0a3KhU7HUFKr8GQMLYUZ8Y vqGZyXO+ZDyaa1cGsBn3Y09zqzn k8HFr/x4axo1v+HhsO3YJUVkmdYe sKb95agCwp52lXovfSSqXzefRsGT 2bR38EnC4NR7jnbwvQzCiN3WhnT 7TbtlQtMMly8JDv8H77iZAqFyxzF 8NLi0aVlQY/P6gEqXlGExgLaXGys gxhLaYujAmlJBwSb2sjQrUYT8w3 LQ1aaIs6KbHHbmlAkTEOtUnhnqV5 iaMF3h+as2tI1PSiflTQdlH6vzbc c95It6Tu1l42prIozS6WgmgtgQd B/fjYQzYDKcFZPU6cjQYv+lE/ck3 OkRhJX/qS5CmDFy3ScVblzSwdyg mgkascntShHGYKt7VJalfDtFKyJT VsJ3rLgcl7eYbr1E5wREGLVfvxWs E/jGa3CZ57szvammSvQd9VNZfrp PrhpmKN5uJ2c6osWxZ1WjtSePTc7 79Wa5HeQL4yKe7H3UpwUjQbV2UjU TfPT3iaNaejXfIveiU02OvXn7Yz +LMseLCPxQz227ul+USM7iie1dkF gKzB6GRZVwm+mOL2a6i7OB0OvhtE v+2HB9H8BRU8Dr4Kvg6eBXHwbXA Q/BwcB6cBD/4K/g7+Cf7tkd7r3pv er3PqwweLe74IGlfv/H9lc5U0</l atexit><latexit sha1_ base64="DhV7kojqMFGB6RfXFe3Z Qf+ecic=">AAAHnXicbVVdb9s2FF W7re6yr3Tb216YqQG61DEkJ8U6o BgyZOg2oFmzLR8FwiCg6CubiEQqF LXYIPi8X7PX7bfs3+xS/kgkWbAN+ tyje+49vKKSIhOliaL/Hjx87/0P HvUef7jx0ceffPrZ5pPPz0pVaQ6n XGVKv0tYCZmQcGqEyeBdoYHlSQbn yfWhj5//CboUSp6YWQGXORtLkQr ODEJXm1vUwNTY36E0BLRWmjylJtW M29jZOHJP3dVmGA2i+iLdRbxYhA dfBvV1fPXkEdCR4lUO0vCMleVFHB Xm0jJtBM/AbdCqhILxazYGW3fgyD ZCI5KifKqkITXa4LG8LGd5gsycm UnZjnlwXeyiMunLSytkURmQfC6UV hkxing7yEho4CabEcY51lsxg3XwC UMHDNq20RAaa1ZMBJ9iC0LyrBqB veFC80oYhCTccpXnTI4sNUyPq8LZ HUunM/sqgryP3+93rCOUaXJgyS5x 5Pmrwf4ich/eXQ8/r9P4UItdw3s Iu/4OpnyJK5rq3CpHQY6mM9S8uXU b21RDu0a3KhU7HUFKr8GQMLYUZ8Y vqGZyXO+ZDyaa1cGsBn3Y09zqzn k8HFr/x4axo1v+HhsO3YJUVkmdYe sKb95agCwp52lXovfSSqXzefRsGT 2bR38EnC4NR7jnbwvQzCiN3WhnT 7TbtlQtMMly8JDv8H77iZAqFyxzF 8NLi0aVlQY/P6gEqXlGExgLaXGys gxhLaYujAmlJBwSb2sjQrUYT8w3 LQ1aaIs6KbHHbmlAkTEOtUnhnqV5 iaMF3h+as2tI1PSiflTQdlH6vzbc c95It6Tu1l42prIozS6WgmgtgQd B/fjYQzYDKcFZPU6cjQYv+lE/ck3 OkRhJX/qS5CmDFy3ScVblzSwdyg mgkascntShHGYKt7VJalfDtFKyJT VsJ3rLgcl7eYbr1E5wREGLVfvxWs E/jGa3CZ57szvammSvQd9VNZfrp PrhpmKN5uJ2c6osWxZ1WjtSePTc7 79Wa5HeQL4yKe7H3UpwUjQbV2UjU TfPT3iaNaejXfIveiU02OvXn7Yz +LMseLCPxQz227ul+USM7iie1dkF gKzB6GRZVwm+mOL2a6i7OB0OvhtE v+2HB9H8BRU8Dr4Kvg6eBXHwbXA Q/BwcB6cBD/4K/g7+Cf7tkd7r3pv er3PqwweLe74IGlfv/H9lc5U0</l atexit>
p
<latexit sha1_base64="/XQaz rW3kcXbWnHtczxbSvxLRtY=">AAAHe3icbVXbbuM2ENVu23ib3nbbv vVFqRpgm3UEyUnQLbAoUqToBWiwWTTJLhAGAUWPbSISqZBUY4PgF/ S1/bj+TNGhfIklWbAM6szROTPDkZSVOdcmSf599Pi99z/Y6j35cPu jjz/59LOnzz6/1LJSDC6YzKV6l1ENORdwYbjJ4V2pgBZZDm+z2xMff /snKM2lODezEq4LOhZ8xBk1CL0pb55GSZzUR9hdpItFdPxlUB9nN8 +2gAwlqwoQhuVU66s0Kc21pcpwloPbJpWGkrJbOgZb5+fCXYSG4Ugq PIUJa7TBo4XWsyJDZkHNRLdjHtwUu6rM6OW15aKsDAg2NxpVeWhk6 IsNh1wBM/kspIxhvhU1mAebUEWZwaZsN4zGipYTzqZYAhcsr4Zg7xh XrOIGIQH3TBYFFUNLDFXjqnR2z5LpzL5KoOjj+cOedSGhKjy24X7o whev4sNFZB3e3wy/qGV8qMWu4QOEXX8PJV/iioxUYaUjIIbTGXre3 bvtXaKgnaNbpYqVDmFEbsGEUWoJToRfEEXFuN4zH8wUrYN5Dfqwp7n VnfN4NLD+wkapIzv+HhsN3IKkq6xW2LnBm3cWIM30XHZluiYrpCrm 0ctl9HIe/QlwuhSc4p6/LkFRIxVWo5w9V27XErnABC3AQ77C9fIzLm TBae6uBtcWG6UrBX5+0AlG5jnJYMyFxcnKc4QVn7ooDQkJo0Ho29q IEMXHE/Nty4OUyqLPKLRnbtmAMqcM6iZFB5YUGkcLfH9IQW8hk9Or +lHBtnPtL2104Hwj3ZK6X/eyMZWlNvuYCqK1BT7m9eNjT+gMhABn1T hzNomP+kk/cU3OKR8Kn/qS5CnxUYt0lldFU6VDOQds5ErDkzqUk1z itjZJ7WyoklK0rAZtodcMqFjTGWxyO8cRBcVX5acbDf8wit5noNTsg bZB7GdQD1nN7TpSP95VtFFc2i5Oat1qUae0U4mvnvX6a7cW6XcoVk 1K+2k3E5wURceVbgh1dX7Bt1lzOtop/6ZWRvFBv/61O4N/y4TjQ0wm PmzvlmITPnygeFZnFwDyBqOjsikT/DCl7c9Qd3ExiL+PkzeH0fHR/ AMVPAm+Cr4Ongdp8F1wHPwanAUXAQsg+Cv4O/hn67/eN729Xn9Off xocc8XQePoHf0P33eI4A==</latexit><latexit sha1_base64="/XQaz rW3kcXbWnHtczxbSvxLRtY=">AAAHe3icbVXbbuM2ENVu23ib3nbbv vVFqRpgm3UEyUnQLbAoUqToBWiwWTTJLhAGAUWPbSISqZBUY4PgF/ S1/bj+TNGhfIklWbAM6szROTPDkZSVOdcmSf599Pi99z/Y6j35cPu jjz/59LOnzz6/1LJSDC6YzKV6l1ENORdwYbjJ4V2pgBZZDm+z2xMff /snKM2lODezEq4LOhZ8xBk1CL0pb55GSZzUR9hdpItFdPxlUB9nN8 +2gAwlqwoQhuVU66s0Kc21pcpwloPbJpWGkrJbOgZb5+fCXYSG4Ugq PIUJa7TBo4XWsyJDZkHNRLdjHtwUu6rM6OW15aKsDAg2NxpVeWhk6 IsNh1wBM/kspIxhvhU1mAebUEWZwaZsN4zGipYTzqZYAhcsr4Zg7xh XrOIGIQH3TBYFFUNLDFXjqnR2z5LpzL5KoOjj+cOedSGhKjy24X7o whev4sNFZB3e3wy/qGV8qMWu4QOEXX8PJV/iioxUYaUjIIbTGXre3 bvtXaKgnaNbpYqVDmFEbsGEUWoJToRfEEXFuN4zH8wUrYN5Dfqwp7n VnfN4NLD+wkapIzv+HhsN3IKkq6xW2LnBm3cWIM30XHZluiYrpCrm 0ctl9HIe/QlwuhSc4p6/LkFRIxVWo5w9V27XErnABC3AQ77C9fIzLm TBae6uBtcWG6UrBX5+0AlG5jnJYMyFxcnKc4QVn7ooDQkJo0Ho29q IEMXHE/Nty4OUyqLPKLRnbtmAMqcM6iZFB5YUGkcLfH9IQW8hk9Or +lHBtnPtL2104Hwj3ZK6X/eyMZWlNvuYCqK1BT7m9eNjT+gMhABn1T hzNomP+kk/cU3OKR8Kn/qS5CnxUYt0lldFU6VDOQds5ErDkzqUk1z itjZJ7WyoklK0rAZtodcMqFjTGWxyO8cRBcVX5acbDf8wit5noNTsg bZB7GdQD1nN7TpSP95VtFFc2i5Oat1qUae0U4mvnvX6a7cW6XcoVk 1K+2k3E5wURceVbgh1dX7Bt1lzOtop/6ZWRvFBv/61O4N/y4TjQ0wm PmzvlmITPnygeFZnFwDyBqOjsikT/DCl7c9Qd3ExiL+PkzeH0fHR/ AMVPAm+Cr4Ongdp8F1wHPwanAUXAQsg+Cv4O/hn67/eN729Xn9Off xocc8XQePoHf0P33eI4A==</latexit><latexit sha1_base64="/XQaz rW3kcXbWnHtczxbSvxLRtY=">AAAHe3icbVXbbuM2ENVu23ib3nbbv vVFqRpgm3UEyUnQLbAoUqToBWiwWTTJLhAGAUWPbSISqZBUY4PgF/ S1/bj+TNGhfIklWbAM6szROTPDkZSVOdcmSf599Pi99z/Y6j35cPu jjz/59LOnzz6/1LJSDC6YzKV6l1ENORdwYbjJ4V2pgBZZDm+z2xMff /snKM2lODezEq4LOhZ8xBk1CL0pb55GSZzUR9hdpItFdPxlUB9nN8 +2gAwlqwoQhuVU66s0Kc21pcpwloPbJpWGkrJbOgZb5+fCXYSG4Ugq PIUJa7TBo4XWsyJDZkHNRLdjHtwUu6rM6OW15aKsDAg2NxpVeWhk6 IsNh1wBM/kspIxhvhU1mAebUEWZwaZsN4zGipYTzqZYAhcsr4Zg7xh XrOIGIQH3TBYFFUNLDFXjqnR2z5LpzL5KoOjj+cOedSGhKjy24X7o whev4sNFZB3e3wy/qGV8qMWu4QOEXX8PJV/iioxUYaUjIIbTGXre3 bvtXaKgnaNbpYqVDmFEbsGEUWoJToRfEEXFuN4zH8wUrYN5Dfqwp7n VnfN4NLD+wkapIzv+HhsN3IKkq6xW2LnBm3cWIM30XHZluiYrpCrm 0ctl9HIe/QlwuhSc4p6/LkFRIxVWo5w9V27XErnABC3AQ77C9fIzLm TBae6uBtcWG6UrBX5+0AlG5jnJYMyFxcnKc4QVn7ooDQkJo0Ho29q IEMXHE/Nty4OUyqLPKLRnbtmAMqcM6iZFB5YUGkcLfH9IQW8hk9Or +lHBtnPtL2104Hwj3ZK6X/eyMZWlNvuYCqK1BT7m9eNjT+gMhABn1T hzNomP+kk/cU3OKR8Kn/qS5CnxUYt0lldFU6VDOQds5ErDkzqUk1z itjZJ7WyoklK0rAZtodcMqFjTGWxyO8cRBcVX5acbDf8wit5noNTsg bZB7GdQD1nN7TpSP95VtFFc2i5Oat1qUae0U4mvnvX6a7cW6XcoVk 1K+2k3E5wURceVbgh1dX7Bt1lzOtop/6ZWRvFBv/61O4N/y4TjQ0wm PmzvlmITPnygeFZnFwDyBqOjsikT/DCl7c9Qd3ExiL+PkzeH0fHR/ AMVPAm+Cr4Ongdp8F1wHPwanAUXAQsg+Cv4O/hn67/eN729Xn9Off xocc8XQePoHf0P33eI4A==</latexit>
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FIG. 8. Logical error rates for simulated error detection; using
the parallel syndrome-extraction circuit of Fig. 7, in red, and
the sequential syndrome-extraction circuit of Fig. 2, in grey.
Errors are from a standard depolarizing noise model [16], with
the error on resting qubits either 0, 1
10
or 1 times the one-qubit
marginal error rate of a CNOT gate.
+,− Z measurements, while X3,7 can only occur with
−,− Z measurements; so a special correction rule is only
needed in the latter case.
This circuit’s increased parallelism is particularly use-
ful when qubit initialization or measurement is slow. If
CNOTs on different qubits can be applied in parallel,
then the circuit uses one initialization round, six rounds
of CNOTs, and one measurement round. It uses three ex-
tra qubits, fewer than the seven qubits needed for Steane’s
method for one-shot measurement of three syndromes. A
symmetrical circuit works for the other three syndromes.
Observe that any single fault being correctable means
that any two faults are detectable, so this circuit can
also be used for an error-detection experiment. Figure 8
plots the logical error rate for a simulated error-detection
procedure, using either parallel or sequential syndrome
extraction, for various relative values of the rest error rate.
Note that since the procedure conditions on no detected
errors, the overhead can be substantial.
B. Parallel syndrome extraction for the [[4, 2, 2]] code
We have tried to extend this method to other codes,
i.e., to find circuits that extract two (or more) syndromes
at once, using one syndrome to flag the other. However,
for most codes it is not easy.
The [[4, 2, 2]] color code has a single plaquette on four
vertices. The (geometrically local) circuit below uses two
extra qubits to extract both syndromes simultaneously,
with one syndrome flagging the other:
1 2
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The circuit is fault tolerant in the sense that no single
fault, including at the shaded swap locations, can cause
an undetectable logical error on the encoded data. (A Z
fault atF propagates to Z2,4, which is a logical operator—
but it will be detected by the X syndrome measurement.
Similarly for an X fault at F.)
C. Parallel syndrome extraction with a shared flag
For the [[5, 1, 3]] code, stabilized by XZZXI and its
cyclic permutations, we can extract two syndromes at
once using a third extra qubit as a flag for both:
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|0i ±Z
With this interaction geometry, the other two syndromes
can also be extracted together. We have not been able to
find a fault-tolerant circuit that extracts two syndromes
together without a third extra qubit.
The [[15, 7, 3]] Hamming code is a self-dual CSS, perfect
distance-three code. (It can be seen as a three-dimensional
color code, and is next in the family of [[2r−1, 2r−1−2r, 3]]
Hamming codes.) Its four X and four Z stabilizers are
each given by the following parity-checks:
0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
Index the qubits left to right from 1 to 15. Observe that
the columns are these numbers in binary.
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FIG. 9. Circuits to extract in parallel two syndromes of
the [[15, 7, 3]] Hamming code, with a shared flag. (a) Circuit
to measure Z8...15 and Z4...7,12...15, using fewer gates than
sequential syndrome measurement. (b) Circuit to measure
Z8...15 and X8...15.
The circuits in Fig. 9 each fault-tolerantly extract two
syndromes at once, using a third extra qubit as a shared
flag. The first circuit extracts two Z syndromes, Z8...15
and Z4...7,12...15, taking advantage of their overlap to re-
duce the required number of CNOT gates to 17. Z failure
locations that trigger the flag are marked in blue with
the syndrome of the error to which the failure propagates,
e.g., a failure at either location marked 12 propagates to
an error equivalent to Z13,14,15 ∼ Z12ZS , where ZS is a
logical Z operator. Observe that if the flag is triggered
by a single fault, possible Z errors are all distinguishable.
Single Z faults that do not trigger the flag can cause at
most a weight-one Z error on the data.
The circuit in Fig. 9(b) extracts the syndromes of dual
stabilizers, Z8...15 and X8...15. It is more complicated to
verify the fault tolerance of this circuit, which measures
Z8...15 and X8...15. For example, a Z failure at 11 propa-
gates to Z8,9,10 ∼ Z11ZS′ and triggers the flag. However,
a ZX failure after CNOT a also triggers the flag, while
propagating to Z11X13,15. The Z parts of the errors are
inequivalent but indistinguishable, so the X components
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FIG. 10. A [[16, 4, 3]] color code.
must be used to distinguish these errors. (The effects of a
Y Z fault on CNOT b and an XZ fault on CNOT c must
also be distinguished.)
III. COLOR CODE SYNDROME EXTRACTION
WITHOUT FLAGS
For some surface codes, such as the [[9, 1, 3]] surface
code, syndromes can be extracted fault tolerantly without
flag qubits [17]. One extra qubit is also enough for the
[[9, 1, 3]] Bacon-Shor subsystem code [12, 18].
Similarly, for a [[16, 4, 3]] color code, fault-tolerant error
correction can be accomplished with one extra qubit per
plaquette and naive, unflagged syndrome extraction. In
Fig. 10, extract the syndromes for the two red plaquettes
with CNOTs to or from the code qubits in the indicated
order. Other plaquette syndromes can be extracted with
symmetrical orders. A single X fault during X syndrome
extraction can lead to a correlated X error
X
X ,
X
X
,
X
X
X
, or
X
X
These correlated errors, and the symmetrical errors on the
other plaquettes, can all be detected and distinguished,
from themselves and from weight-one errors. (For exam-
ple, the last triggers the two blue plaquette Z stabilizers,
which none of the other errors can do.) Therefore they
are all correctable.
IV. MERGED COLOR CODES
Color code blocks can be joined together to form larger
codes. For example, the [[12, 2, 3]] code described earlier
arises from joining two Steane [[7, 1, 3]] code blocks (Fig. 6).
Four Steane code blocks can be joined according to var-
ious graphs to get, for example, [[22, 4, 3]] and [[16, 4, 3]]
color codes, shown in Fig. 11. As for the code of Fig. 10,
the plaquette syndromes for this [[16, 4, 3]] code can be
extracted into one extra qubit, without flags. For each
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FIG. 11. Four Steane code blocks can be merged to form
[[22, 4, 3]] and [[16, 4, 3]] color codes.
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FIG. 12. The [[12, 2, 3]] code and three possible planar layouts
for error correction.
plaquette we have indicated a working CNOT gate or-
der for extracting the syndrome—counting only to four
because the last two qubits can go in either order.
Higher-distance color codes can also be joined in this
way; see Fig. 18 below.
Let us study in more detail error correction for the
[[12, 2, 3]] color code. It provides more examples for the
above syndrome-extraction techniques.
Index the qubits as in Fig. 12(a). Logical operators
can be chosen to be X1 = X1,2,3, Z1 = Z1,2,3, X2 =
X10,11,12, Z2 = Z10,11,12.
First consider the planar layout of Fig. 12(b), using six
extra qubits. Using the circuits in Fig. 13, the weight-four
stabilizers can be measured in parallel, flagging each other,
and the central weight-six stabilizers can be measured in
parallel using the two enclosed qubits.
In fact, fault-tolerant error correction is also possible
with the sparser qubit connectivity pattern of Fig. 12(c).
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FIG. 13. Circuits to extract [[12, 2, 3]] code syndrome pairs.
This connectivity requires that the weight-four stabiliz-
ers be measured without flags, which takes some care.
There are essentially three inequivalent orders for the
CNOT gates to measure a square plaquette, vertically,
horizontally or diagonally:
1
2
3
4
1 2
3 4
1
2
3
4
Applied to measure Z1,2,4,5 in Fig. 12(a), for example,
these orders respectively lead to the correlated errors
Z1,2, Z1,4 and Z1,5. As Z1,2 ∼ Z3Z and Z1,5 ∼ Z6Z, the
vertical and diagonal correlated errors are uncorrectable.
This leaves the horizontal order. However, the horizontal
correlated errors from the left and right square plaquettes
are indistinguishable, e.g., Z1,4 ∼ Z7,10Z1,2. Therefore
the left plaquettes’ Z stabilizers cannot be measured
together with those of the right plaquettes.
Instead, one can measure together Z1,2,4,5, Z2,3,5,6,
X7,8,10,11, X8,9,11,12, then measure together X4...9 and
Z4...9 (flagging each other, as above), then measure to-
gether X1,2,4,5, X2,3,5,6, Z7,8,10,11, Z8,9,11,12, etc.:
XZ
Z X
, Z,X ,
X Z
ZX
, Z,X
Correlated errors created in the first round, like Z1,4 and
X7,10, are caught and distinguished by the weight-6 sta-
bilizer measurements. (If Z4...9 is triggered, then possible
X errors are 1, X4, . . . , X9, X5,8, X5,8,9, X5,6,8, X5,6,8,9 ∼
X4,7 and X7,10, and these are all distinguishable. Sim-
ilarly, if X4...9 is triggered, then possible Z errors are
1, Z4, . . . , Z9, Z5,8, Z5,8,9, Z5,6,8, Z5,6,8,9 ∼ Z4,7 and Z1,4,
and these are all distinguishable.)
7Finally, Fig. 12(d) shows a qubit layout in which the
central weight-six stabilizers X4...9 and Z4...9 must also
be extracted without flags. For simplicity, extract all the
syndromes on the left, then center, then right, etc.:
Z,X
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, Z,X
Apply the CNOT gates for each plaquette in the order
given in Fig. 12(d). Before starting the right syndrome
measurements, possible X errors are 1, X1, . . . , X12 and
the correlated errors X4,7, X4,5,7, X6,9 (from measuring
X4...9). These errors are all distinguishable, and the
correlated errors will be detected by the right syndrome
measurements Z7,8,10,11, Z8,9,11,12. Similarly for Z errors.
Before starting the center syndrome measurements again,
possible X errors are 1, X1, . . . , X12 and X7,10. Once
more, these errors are distinguishable, and X7,10 will be
detected by Z4...9. The key point in this scheme is that it
is not necessary to distinguish X1,4 from X7,10, because
the center syndrome measurement Z4...9 goes between left
and right X syndrome measurements.
V. STEANE CODE ERROR CORRECTION
WITH NO EXTRA QUBITS
Inspired by the construction of the [[12, 2, 3]] color code
from two Steane [[7, 1, 3]] codewords, and by the parallel
syndrome-extraction procedures studied above, we have
designed an error-correction method that uses no extra
qubits, provided that there are at least two Steane code
blocks. Roughly, combining the code blocks frees up two
qubits into which two syndromes can be measured.
Consider the following circuit C on two code blocks:
±Z
±X 2d e
a
b
c
3
7
6
4
5
6
7
4
5
6
7
|+i
|0i
(Marked locations will be used below.) The structure of
the gates is indicated below.
1
2
3
4
5
6
7
3
15
6 2
4
7
The blue CNOT gates alone extract the syndromes for
Z4,5,6,7 ⊗ 1 and 1⊗X4,5,6,7, then reinitialize those stabi-
lizers. The black gates formally commute with the blue
gates and cancel out; they are present in order to catch
faults during syndrome extraction.
Error-correction procedure
Repeat six times:
1. Use C to measure Z4,5,6,7 ⊗ 1 and 1⊗X4,5,6,7.
2. Switch the code blocks and rotate each by one notch, so
the blue plaquette moves into the red plaquette, which
moves into the green, into the blue. Thus the qubits
are permuted as 1 7→ 4 7→ 2 7→ 1, 3 7→ 5 7→ 6 7→ 3,
7 7→ 7. (This qubit reindexing is just meant to simplify
our presentation, so we assume it is perfect.)
Without errors, the six rounds give all twelve syndromes:
1. Z4,5,6,7 ⊗ 1, 1⊗X4,5,6,7 4. X4,5,6,7 ⊗ 1, 1⊗ Z4,5,6,7
2. X1,3,5,7 ⊗ 1, 1⊗ Z1,3,5,7 5. Z1,3,5,7 ⊗ 1, 1⊗X1,3,5,7
3. Z2,3,6,7 ⊗ 1, 1⊗X2,3,6,7 6. X2,3,6,7 ⊗ 1, 1⊗ Z2,3,6,7
If any measurement is nontrivial, then start over and
use the syndromes to diagnose and correct the error.
A single fault in the syndrome-extraction circuit C can
lead to a correlated error in the output. For example,
a Y fault at d spreads undetected to −iX4 ⊗ (Z4X5).
Worse, an X fault at location a spreads to X4,5 ⊗ X5.
In the Steane code, the two-qubit error X4,5 ∼ X1X
is indistinguishable from X1. A naive error-correction
procedure, that treated the two code blocks separately,
would therefore introduce a logical X error. Once the
two code blocks have interacted via C, it is important
that the error-correction rules take into account possible
correlations in errors across the blocks. Note that it is
not possible for a single gate fault in C to create an error
that is trivial in one code block and is uncorrectable (has
an X or Z component of weight at least two) in the other
block.
Let SX be the set of errors
1⊗ 1
Xj ⊗ 1, 1⊗Xj
Ej = Xj ⊗Xj
Ea = X6 ⊗X2,6 Ed = X6 ⊗X2
Eb = X3 ⊗X2,3 Ee = X2,7 ⊗X2
Ec = X7 ⊗X1,4 E0 = X1,5 ⊗X5
where j ∈ {1, . . . , 7}. Let SZ be the same as SX except
with the two code blocks swapped and X replaced by Z.
The following claim asserts that the error-correction
procedure is fault tolerant [15], using SX and SZ as in-
duction invariants for the input and output errors.
Claim 1. The error-correction procedure satisfies:
1. If there are no gate faults in error correction, then the
outputs lie in the code space. Moreover, if the X and
Z components of the input error lie in SX and SZ ,
respectively, and there are no faults in error correction,
then the error is corrected.
82. If the inputs are in the codespace and there is at most
one fault, then the output error’s X and Z components
lie in SX and SZ .
Note that SX does not include arbitrary pairs of one-
qubit errors Xi ⊗ Xj . Even though such an error has
weight one on both code blocks, it is not necessarily cor-
rectable together with the other errors in SX ; for example,
X2,6 = X4X, so Ea and X6 ⊗X4 are indistinguishable,
inequivalent errors. This is acceptable because two one-
qubit errors is in general a second-order event.
Proof of Claim 1. The first statement follows because the
errors in SX all have different Z syndromes. This implies
that once an error in SX is detected, a faultless syndrome-
extraction procedure is enough to correct it. Z errors are
symmetrical.
Second, assume that the inputs are in the codespace and
there is at most one fault in the six steps of error correction.
We assert that the output error’s X component lies in SX .
(Then by symmetry the error’s Z component lies in SZ .)
If a single X fault occurs in C, then whether or not
the Z measurement detects it, it can only propagate to
an error in SX . In particular, faults at the locations
marked 2, 3, 6, 7, a, . . . , e propagate to E2, . . . , Ee, respec-
tively, after the qubit permutation. Thus the assertion
holds provided the fault occurs in the last of the six
syndrome-extraction rounds.
Now consider if the input to a syndrome-extraction
round is in SX , from a previous fault. Of the correlated
errors, only E1, E2, E3 and Eb are undetected by the Z
measurement. After the qubit permutation, these become,
respectively, E4, E1, E5 and E0. Therefore the output still
lies in SX , as desired.
Is this construction useful? Probably not in a 14-qubit
experiment. With 14 qubits, one could encode two logical
qubits into the [[12, 2, 3]] code and use the two remaining
qubits for error correction—or have two [[5, 1, 3]] code-
words with two error-correction qubits for each codeword.
The construction becomes useful when there are a larger
number of logical qubits. One can envision laying out
[[7, 1, 3]] codewords in a 2D lattice. Storing each logical
qubit in its own code block makes applying fault-tolerant
operations more convenient. To correct errors, pair each
codeword up with a neighbor.
VI. ERROR-CORRECTING OTHER CODES
WITHOUT EXTRA QUBITS
The method for error-correcting two Steane codewords
without extra qubits extends to some other CSS codes.
(It does not seem to work for the non-CSS [[5, 1, 3]] code,
essentially because in the analogous circuit to C a ZX fault
after a CNOT gate is not caught and is uncorrectable.)
A. [[n, n− 2, 2]] erasure code
For an even integer n, the [[n, n− 2, 2]] erasure code is
a color code with a single plaquette; the stabilizers are
X⊗n and Z⊗n. A circuit on two code blocks extracts the
syndromes of Z⊗n⊗1 and 1⊗X⊗n without extra qubits:
±Z
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It is fault tolerant in the sense that no one fault can
lead to an undetectable logical error. For example, a
single X fault cannot propagate to an error with even
weight on both blocks. Note though that in order to
measure two syndromes, the circuit uses 6n− 2 CNOTs,
substantially more than the 2(n+ 2) CNOTs used by the
two-extra-qubit flagged error-correction procedure of [8].
B. [[15, 7, 3]] Hamming code
Let C be the circuit on two code blocks given in Fig. 14.
It uses 46 CNOT gates. The red CNOT gates alone
extract the syndromes for Z8,...,15 ⊗ 1 and 1 ⊗ X8,...,15,
then reinitialize those stabilizers. The black gates formally
commute with the other gates and cancel.
Error-correction procedure
Repeat eight times:
1. Use C to measure Z8,...,15 ⊗ 1 and 1⊗X8,...,15.
2. Switch the code blocks and permute the qubits by
σ = (1, 8, 4, 2)(3, 9, 12, 6)(5, 10)(7, 11, 13, 14)(15).
The eight rounds give all 16 code syndromes. If any
syndrome measurement is nontrivial, then measure all
syndromes and use them to diagnose and correct the error.
Let SX be the set of errors displayed in Fig. 15 mapped
forward by the permutation σ. Let SZ be the same as
SX except with the two code blocks swapped and X
replaced by Z. Just as for the [[7, 1, 3]] Steane code, SX
and SZ are induction invariants for the input and output
errors. The following observations imply Claim 1 for this
error-correction procedure:
• Any X fault in C propagates to an error in SX .
• The errors in SX all have different Z syndromes. (Hence
once an error in SX is detected, a faultless syndrome-
extraction procedure is enough to correct it.)
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FIG. 14. Circuit for measuring the syndromes of Z8,...,15 ⊗ 1
and 1⊗X8,...,15 on two [[15, 7, 3]] Hamming code blocks.
(1,1), (Xα,1), (1, Xα)
α : Xα ⊗Xα
a : (X8,9 ∼ X1X,X9)
b : (X8,10 ∼ X2X,X10) b′ : (X5, X1X)
c : (X8,11 ∼ X3X,X11)
d : (X8,12 ∼ X4X,X12) d′ : (X6, X2X)
d′′ : (X1X,X3)
e : (X8,13 ∼ X5X,X13)
f : (X8,14 ∼ X6X,X14) f ′ : (X7, X3X)
g : (X8,15 ∼ X7X,X15)
h : (X8, X9)
i : (X8, X11...15 ∼ X3X)
j : (X8, X13,14,11,15 ∼ X15X)
k : (X8, X8,11,14,15 ∼ X2X) k′ : (X1X,X4)
k′′ : (X2, X8X)
k′′′ : (X4X,X1)
l : (X8, X8,11,15 ∼ X12X) l′ : (X6X,X4)
l′′ : (X2, X3X)
m : (X8, X8,15 ∼ X7X)
FIG. 15. SX , the induction invariant for X errors, consists
of these errors mapped forward by σ. Here α ∈ {1, . . . , 15}.
The red labels α and a, . . . ,m indicate locations in Fig. 14 at
which an X fault can cause the error.
• Any error in SX that is not detected by Z8,...,15 ⊗ 1
(which is σ(1⊗ Z1,3,...,15)) is mapped by σ to another
error in SX . (For example, error b is not detected by
1⊗Z1,3,...,15, and is mapped to the error b′. Error b′ is
detected by 1⊗ Z1,3,...,15.)
VII. STEANE CODE ERROR CORRECTION
WITH ONE EXTRA QUBIT
Another example of correcting two code blocks at once
will help illustrate the concept. The following circuit uses
one extra qubit to measure the parity of the syndromes
for two code blocks, Z4,5,6,7 ⊗ Z4,5,6,7:
a
4
5
6
7
4
5
6
7
|0i ±Zbcde
With one Z fault, possible Z errors on the two blocks are
(1,1), (Zα,1), (1, Zα)
a : (Z7, Z4) d : (Z6,7, Z7)
b : (Z7, Z4,6 ∼ Z2Z) e : (Z4, Z7)
c : (Z6,7 ∼ Z1Z,Z4,6)
where α ∈ {1, . . . , 7} and the error labels a through e
correspond to the circuit’s marked failure locations.
Note that for each error (ZS , ZT ), the product ZSZT
has nontrivial Steane code syndrome. The errors are
thus all detectable by the syndrome parities X4,5,6,7 ⊗
X4,5,6,7, X2,3,6,7⊗X2,3,6,7 and X1,3,5,7⊗X1,3,5,7, and are
distinguishable by the separate syndromes X4,5,6,7⊗1,1⊗
X4,5,6,7, . . .. Therefore, although these errors can have
weight two or more, they are correctable by a procedure
that first measures the parities of corresponding pairs of
syndromes and, on detecting an error measures the two
code’s syndromes separately without flags.
Essentially, one code block is used to flag errors in the
other. This method uses fewer CNOTs than the scheme in
Sec. V, eight versus 22. However, it similarly increases the
size of an error-correction rectangle compared to correct-
ing the code blocks separately, and it cannot correct arbi-
trary weight-one errors in both code blocks, e.g., Xα⊗Xα
is not detected. (The error-correction procedure hence
fails the AGP fault-tolerance conditions 0 and 0′ [15].
This is okay for fault-tolerant computation with one en-
coding level, but is not enough for analyzing two or more
concatenation levels.)
VIII. HIGHER-DISTANCE CODES
Fault-tolerant quantum computation is experimentally
accessible even with fairly few qubits. We have only
touched on the design space and areas for optimization.
We have focused on codes of distance three, capable of
correcting a weight-one error. Chamberland and Bever-
land [9] have studied flagged syndrome extraction for the
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FIG. 16. [[17, 1, 5]] and [[19, 1, 5]] color codes. Flagged syndrome
extraction for these codes was studied in [9].
FIG. 17. [[16, 4, 4]] color code. Two eight-qubit plaquettes
consist of those qubits incident to the green and blue regions.
distance-five, [[17, 1, 5]] and [[19, 1, 5]] color codes (Fig. 16).
It is an interesting problem whether the parallel syndrome-
extraction techniques we have explored here also extend to
these higher-distance codes, and how well the techniques
cope with geometrical interaction constraints.
There are also other moderate-sized color codes of
higher-distance, such as a [[16, 4, 4]] color code (Fig. 17)
4× −→
FIG. 18. The merged color code construction from Sec. IV
works for higher-distance color codes. For example, four copies
of a [[19, 1, 5]] color code can be joined along a star graph
K3,1 to give a [[52, 4, 5]] color code, shown above. We have
highlighted the seven-qubit central “spines” of code blocks for
clarity. The merge to the upper-left code block is made using
four- and eight-vertex plaquettes, and the other merges using
six-vertex plaquettes. Note that the central encoded qubit
is protected to distance six, and in a larger lattice would be
protected to distance seven. Since the complete graph K4 has
a length-three cycle, joining the [[19, 1, 5]] color code blocks
along it will give only a distance-three, [[28, 4, 3]], code.
that might be preferable to the [[16, 4, 3]] color codes con-
sidered in Sections III and IV. The idea of merging color
codes from Sec. IV generalizes naturally to larger codes
(Fig. 18). As in Secs. V and VI, can fault-tolerant error
correction on two [[19, 1, 5]] color code blocks be imple-
mented without extra qubits?
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